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In this paper, we use Stein’s method to obtain optimal bounds, both in
Kolmogorov and in Wasserstein distance, in the normal approximation for
the empirical distribution of the ground state of a many-interacting-worlds
harmonic oscillator proposed by Hall, Deckert and Wiseman (Phys. Rev. X 4
(2014) 041013). Our bounds on the Wasserstein distance solve a conjecture
of McKeague and Levin (Ann. Appl. Probab. 26 (2016) 2540-2555).

1. Introduction. In [10], Hall, Deckert and Wiseman proposed a many-interacting-
worlds (MIW) theory for interpreting quantum mechanics. In this theory, quantum theory
can be understood as the continuum limit of a deterministic theory in which there is a large,
but finite, number of interacting classical “worlds”. Here, a world means an entire universe
with well-defined properties, determined by the classical configuration of its particles and
fields.

Hall, Deckert and Wiseman [10] proposed a MIW harmonic oscillator model for N one-
dimensional worlds, where the Hamiltonian for the MIW harmonic oscillator is:

Hx,pp=EP) +VEX +UX).

Here p = (p1, ..., pn) are the momenta and X = (xq, ..., xy), X1 > X3 > --- > xy, the loca-
tions of the N worlds, each regarded as a particle with unit mass,

N
Ep) =) p2/2
n=1

is the kinetic energy,

N
V) =) x;
n=1

is the potential energy, and

N 1 1 2
Ux) =)y ( - )
e =1 = Xn  Xp = Xpt]

is the “interworld” potential, where xg = oo and x| = —o0, which is a discretization of
Bohm’s quantum potential (see Bohm [1, 2]).

Hall, Deckert and Wiseman [10] showed that in the ground state, where the Hamiltonian
is minimized, all the momenta p, vanish and the locations of the N particles satisfy this
recursion equation:

1
1.1 X =x————, 1<n<N-1,
( ) n+1 n X1+ +x, =n=

subject to the constraints x; + - -- 4+ xy = 0 and x12 + - +x]2\, =N-—1.
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Their numerical calculations suggest that the empirical distribution Py of the locations
converges to the standard Gaussian distribution y as N — 0o, which agrees with the ground
state probability distribution of a quantum harmonic oscillator. Here the empirical distribution
Py is defined by

#n.x, €A
(1.2) Py(A) = % for A € B(R).
In [12], McKeague and Levin proved that the recursion equation (1.1) has a unique solution
if the solution is monotonic, zero-median, namely x,,, = 0 for N odd and x,, = —x,+1 for N

even, where m = (N + 1)/2 if N is odd, and m = N /2 if N is even. They proved that Py
converges to y as N — 00.
The Wasserstein distance between Py and y, denoted by dw (Py, y), is defined by
dw(Pn,y) = sup

/hdIP’N—/ hdy
Ih(x)—h(y)|<lx—y| /R R

Using Stein’s method and zero-bias coupling, McKeague and Levin [12] further proved that

4
d P ) < — )
and conjectured that the correct order of the bound on dw (Py, y) should be /log N/N.
The Kolmogorov distance between Py and y, denoted by dx (Py, ), is defined by

dx(Py,y) = suﬂglPN((—oo, zl) — ¥ ((=00, ).

In this paper, we prove that the upper and lower bounds on the Wasserstein distance be-
tween Py and y are both of the order /log N/N, thereby proving the conjecture of McK-
eague and Levin [12] while at the same time showing that \/log N/N is optimal. We also
prove that the upper and lower bounds on the Kolmogorov distance between Py and y are
both of the order 1/N, showing that 1/N is also optimal. This is a surprising outcome as
optimal bounds on the Kolmogorov distance are usually of no smaller order than those on the
Wasserstein distance for a particular problem.

Our proof of the upper bound on the Wasserstein distance turned out to be an easy conse-
quence of Theorem 1.1 of Goldstein [8] using the zero-bias coupling of McKeague and Levin
[12] and an upper bound on x;. Our approach is also the same as that of the proof of the up-
per bound on the Wasserstein distance for two-sided Maxwell approximation in McKeague,
Peko6z and Swan [13], page 109.

REMARK 1.1. Stein’s method is applicable to Wasserstein distance of order p > 1 (see,
e.g., [3, 6, 7, 11] for recent results in this direction). We have not succeeded in obtaining
optimal bounds on the Wasserstein distance of order p > 1 between Py and y. It remains an
open problem for future research.

Throughout this paper, y denotes the standard normal distribution. Let N > 2 be an integer
number, we will denote m = (N + 1)/2 if N is odd, and = N /2 if N is even. For a positive
number x, | x| denotes the greatest integer number which is less than or equal to x, and log x
denotes the natural (base e = 2.7182...) logarithm of x. The symbol C denotes a positive
constant which does not depend on N, and its value may be different at each appearance. We
also denote by {x1,...,xy} the unique zero-median and strictly decreasing solution to the
recursion equation (1.1) and by Py the empirical distribution as in (1.2), and let

n
Sp=> xi, 1<n<N.
i=1
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The rest of the paper is organized as follows. In Section 2, we reproduce the construction
of the zero-bias coupling of McKeague and Levin [12] and state the main result. Section 3
focuses on the proof of the bounds on the Kolmogorov distance. The bounds on the Wasser-
stein distance are presented in Section 4. Finally, some technical results are proved in the
Appendix.

2. Mainresults. Before proving the main result, we will need some preliminary lemmas.
The first lemma establishes the existence of a solution to the recursion relation. This lemma
is proved in McKeague and Levin [12].

LEMMA 2.1. Every zero-median solution {x1,...,xy} of (1.1) satisfies the following
properties:

(P1) Zero-mean: x1+---+xy =0.
(P2) Variance-bound: x12 + -4 x12v =N-—1.
P3) Symmetry: x, = —xnNy1—nforn=1,..., N.

Further, there is a unique solution {x1, ..., xn} of (1.1) such that (P1) holds and
(P4) Strictly decreasing: x; > --- > xy.

This solution has the zero-median property, and thus also satisfies (P2) and (P3).

It was shown by Goldstein and Reinert [9] that for any mean zero random variable W with
finite variance o2, there exists a random variable W* which satisfies

2.1) EWf(W)=0o’Ef'(W¥)

for all absolutely continuous f with E|Wf(W)| < co. We say such a W* has the W-zero-
biased distribution. The following result is due to Goldstein and Reinert [9] (see also in Chen,
Goldstein and Shao [4], Proposition 2.1).

LEMMA 2.2. Let W be a random variable with mean zero and finite positive variance
o2, and let W* have the W -zero-biased distribution. Then the distribution of W* is absolutely
continuous with density given by

P =E(WL(W > x))/o? = —E(WI(W <x))/o%.

We recall that Py denotes the empirical probability measure as in (1.2). McKeague and
Levin ([12], page 9), constructed a zero bias coupling (W, W*), where W has the proba-
bility distribution Py . For completeness, we describe the construction in this paper. From
Lemma 2.1, we have Var(W) = (N — 1)/N. By Lemma 2.2, the density of W* is given by

So 1
—1 (N =D — Xn41)

p*(x):N ifx, 1 <x<x,,1<n<N-1.

This implies that W* is uniformly distributed on each interval [x;+1, x,) with mass 1/(N —
1), 1<n<N—1.Let xy41 < y, < x, such that for 1 <n < N — 1, the area under p* on
the interval [yy, x,,) is L, = (N —n)/(N(N — 1)), and for 2 < n < N, the area under p* on
the interval [x,, y,—1) is R, = (n — 1) /(N (N — 1)). Then the area under p* on [y, x;) and
on [xy,yn—1)is 1/N,and on [y,, y,—1)is L, + R, =1/N for 2 <n < N — 1. See Figure 1
below.
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FIG. 1. Density p* of W*.

Now we couple W to W* by defining W and W* on the same probability space with
Q =[xy, x1) as the sample space and p* as the probability measure as follows: W*(w) =
for all w € 2, and

x; ifw e[y, x),
Ww)=1x, ifoe€ly,ym-1),2<n=<N-1,
xy ifwelxy, yn-1).

The following theorem is the main result of the paper.

THEOREM 2.3. Let {x,,1 <n < N} be the unique monotonic zero-mean solution of the
recursion relation (1.1) and Py the empirical distribution. Then

(2.2) 1 <dg [P )<58
. N = KWI'N,Y) = N’
and
log(N /2) C 16 /log N
23) 7§N/ - ) < R

3. Bounds on the Kolmogorov distance. In this section, we will prove the Kolmogorov
bounds in (2.2). Here and thereafter, we denote ®(z) = y ((—o0, z]) for z € R.

PROOF OF THE UPPER BOUND IN (2.2). To prove the upper bound in (2.2), it suffices to
consider z > 0 since W is symmetric. For z > 0, we have

(3.1) |P(W <2) — @(z)| <max{P(W >z),1 — ®(2)} <0.5.

If N <100, then the upper bound in (2.2) holds by (3.1). Therefore we only need to consider
N > 100. For the case where 0 < z < x1, there exists 1 <n <m such that z € [x,+1, x,,). In
this case, we have

]P’(W>z)=% and P(W*>z)= +e,
where ¢ < 1/(N — 1), and therefore

P(W<z)—P(W*<z)|= N1
n —

1 2.02
=

< VR
N —1 N

n
N
n
< —
N N-1
1
N
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where we have applied N > 100 in the last inequality. For the case where z > x1, we have
P(W>z)=P(W*>7z)=0.

Therefore,

2.02
(3.2) sup|P(W <z) —P(W* <z)| < ——.
>0 N

Now we bound the Kolmogorov distance between distribution of W* and y. Let z > 0,
and let f; be the unique bounded solution of the Stein equation

fw) —wfw) =1(w=<z) — (),
and
g (w) = (wfz(w))/
Then (see Chen and Shao [5], page 248)
(«/E(l + wz)ewz/z(l —d(w)) —w)P(z) ifw>z,

33 z =
CI &2 (U)o o +u)(1 - 00) ifw=:

From Lemma 2.3 in Chen, Goldstein and Shao [4], we have 0 < f,(w) < +/27 /4, | fz/ (w)| <
1, and therefore

(3.4) |gz(w)| < [wf(w)| + | fo(w)| < |w| + V27 /4.
Chen and Shao [5], page 249, proved that g, > 0, g.(w) <2(1 — ®(z)) for w <O0.

We also have the following lemma whose proof is given in the Appendix.

LEMMA 3.1. We have the following properties of g;:

3.5 g:(w) increases when w < z and decreases when w > 7,
3
(36) gZ(w) < m for w< 0,
and
3
3.7 g (w) < m forw > z.
Chen and Shao [5] proved that
g:(w) < for w > z.

1+ w3

For large w, this bound is of the same order as (3.7) but with a better constant. We use
(3.7) because we need some technical estimates such as (1 + w)? > xj3.71 for w > x;41,
2<j<m—1(see,e.g.,(3.20) and (3.21) below).

The Kolmogorov distance between the distribution of W* and y can be bounded as fol-
lows:

[P(W" <2) — ()| = [Ef;(W") - EW" f(W7)|

N . .
(3.8) = ﬁEsz(W) —EwW fz(W )

1
< [EWf(W) —EW* f(W¥)[ + ﬁE|sz(W)|-
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Since 0 < f;(w) < /21 /4, the last term in (3.8) is bounded by

1 V2rEW? V2m 1
G2 NV EW s T T A= S N

where we have used N > 100 in the last inequality. By the definition of g,, we have

W*—w
(3.10) EW£.(W) — EW* £.(W*) :—IE/O g:(W+1)d.

For n < m, from (3.15) of Lemma 3.2 below, we see that x,, is bounded by an absolute con-
stant as long as log(m/n) is bounded. To bound the right-hand side of (3.10), we separate W
around m /e’ (we can replace e by any constant ¢ > 1, the number ¢ is only for convenience
when we compute the explicit constant in (2.2)) as follows:

w*—w

wW*—w
(3.12) R, :EVO G W +D1(W| < xpe3)) |,
and

wW*—w
(3.13) R3:IE‘/O gZ(W—I—t)l(WZme/esj)dt‘.

We need the following lemma whose proof will be presented in the Appendix.

LEMMA 3.2. Let N > 100. The following statements hold.
1

(3.14) 0<xp,<—.

m
Forl<n<m—1, we have
(3.15) X </2(1 +log(m/n)).
and

n(n+1)\1/2 3n
(3.16) (T) < S, < 7\/2(1 +log(m/n)).
Forl1<n< |_m/e3j, we have
1
(3.17) Xy > 5\/2(1 +log(m/n)) and S, > g\/z(l +log(m/n)).
Forl<i<j< Lm/e3j,we have
4log(j/i

(3.18) x?—x}z%.

REMARK 3.3. By using the first half of (3.17), we have x|,,, /.3, > V/8/3. We note also
thatm > 50 and S; > jx;, 1 < j < m. These simple inequalities will be used in many places
later without further mention. For x;, McKeague and Levin [12] proved the following lower
bound:

(3.19) S1=x1 > /log(m),

which is of the same order as ours but with a better constant, but their method seems not to
work with x,, forn > 1.
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We will now bound R;, Ry, and R3. From (1.1) and the first half of (3.16), we have
x1—x2=1/81 <1, and

1 1 2 \!2 2 \!2 .
1 — = —_< B — <
Tn—l = X1 =g o = <(n — l)n) + <n(n n 1)) =

for 3 <n < m, or equivalently,

(3.20) x1<x2+1 and x,—1<xp41+1 for3<n<m.
Let 7 be a real number lying between 0 and W* — W. From the definitions of W and W*, we
observe the following facts.

FacTs 3.4.

(i) If W =x, then
(W*—W|<xi—x2 and xp<W+1<xy;
(i) If W =x,,2 <n <m, then
|(W* —W|<xy_1—2x, and xp41 <W 41 <x,_1;

and, by symmetry, we have

(iii) If W =xy = —x1, then

W —W|<xi—x2 and —x1<W+1<—xs;
(iv) W =xN41-n = —Xxn, 2 <n <m, then

|W*—W|<xy_1—x, and —xp_1 <W+1<—xp41.

Keeping Facts 3.4 and the properties of g, in mind, we have

1 m/e’]
R; < ﬁ<(X1 —x2)8gz(—x2) + Z (xj—1 _xj)gz(_xj+l)>
j=2
3 X1 — X2 Lm/e?] Xi_1—X;
1 (e R M cewom
2N\ (1 4+ x2) = (I txj)
3 I +M§3J |
2N x1(1 4+ x2)3 - (1+XJ'+1)3SJ'_1
(3.21) 3 (1 Lm/e*) 1 )
<—|—+ —
2N \xf /2::2 (G —Dxj,
3
_3 (2 +L’"/§‘1 81
T2N\xf o 4 +log(m/)))?
3 2 m/e’ 81dx
<o ogron * :)
2N \log=(m) 1 4x(1 4+ log(m/x))
3 ( 2 81 81 ) 243
= — + — — < R
2N \logZ(m) 16  4(1 +log(m))/ = 32N
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where we have applied (3.5) in the first inequality, and (3.6) in the second inequality, (3.20)
and simple bounds S; > jx; (1 < j < m) in the third inequality, the first half of (3.17) and
(3.19) in the fourth inequality. The final bound in (3.21) follows from m > 50 and the ele-
mentary inequality 2/ logz(m) <81/(4(1 + log(m))). For R», we have

2
Ry < v Yo (o —x) o1 + V21 /4)
O§Xj<Lm/e3J
_E Z (Xj_1+ \/27T)
N g ZjgmSim1 - 4551
(3.22) 2 5 ( L, T )
N J—1 2(—-1

lm/e3]<j<m

247 1 1 m o dx
=< + + —
N (Lm/e3J Lm/e3] 41 /rn/e3 x >

247/l 1 15
=< N (2 + 3 + 3) < N’
where we have applied (3.4) and Facts 3.4 in the first inequality, the first half of (3.16) and
simple bounds x;/S§; < 1/j (1 < j < m) in the second inequality, and used m > 50 in the
fourth inequality.

To bound R3, we set £ =min{ : x; < z} and consider the following two cases.

Case I: x¢ < x|, /0341 In this case, we have z < x|, /3. If W =x; > x|, 3, then, by
Facts 3.4,

(3.23) W+t >xj41 >z forallzlying between 0 and W* — W.

Therefore,

W*—w
R3:E‘/O gZ(W+l)1(W Zme/e3J)dl‘

1 Lm/e?]
(3.24) = N(“‘l —x2)g:(x)+ D (xjo1— Xj)gZ(Xj+1))
j=2

3
3<x1—x2 Lm/e”) xj'_l—x]~><243

<—|—=+ <—,
N\(1+x)? " S (+x)°) 7 16N

where we have applied (3.5) and (3.23) in the first inequality, and (3.7) and (3.23) in the
second inequality. The last inequality in (3.24) follows by using the same calculations as in
(3.21).

Case 2: xp > X\m/e3|+1- In this case, we have z > X|m/e3|+1> and Rj is bounded by R3; +
R3> + R33, where

wW*—w

(3.25) Ra =EM) 2. (W +D1(x 03 < W < xp) di,
wW*—w

(3.26) R32=E\ [ ew ot =w s nai
0

and

W*—w
(3.27) R33 :EV (W +D)1L(W >xz_1)dt‘.
0
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Here and thereafter, we denote xo = x; and So = S;. We of course only need to bound Rj3;
when x,,, 3| < x¢. Since x¢ < z, we conclude that if x|, ,,3; < W = xj11 < x¢, then by
Facts 3.4, we have

(3.28) [W*—W|<xj—xjy1 and O<W+Hr<x;<x;<z
for all # lying between 0 and W* — W. Applying (3.3), (3.28), and Facts 3.4, we have

1—®D(xp) m/e’) =1 N 20 x2/2
(3.29) Ry = ——— Yo G —xr)(V2r (1+x7)e +x5) |.

j=t

Since 1 — ®(x;) < e~*1/2/(x¢+/270), it follows from (3.29) that

Lm/KSJ—l 2 _x2 2

1 1+x2 5 gy,

(3.30) Ru<— Y <_fe<x§ i Xie )
N =t Sjxe V2 Sixg

Forall £ < j < [m/e3|, by applying (3.17), we have
(3.31) SngESijZgj/Q

By using (3.17), (3.18), (3.31), and simple inequalities x; > Ximjed] = «/§/3 andx;/S; <1/j
(1 <j <m), we have

2 42
1+ x7 G2 Xi€ x¢/2
ijZ \/ZJTSng
. 2/9 . 2
(3.32) <( 1 ﬁ)(f) LT exp<_l<—v21"g(’”/€)> )
“\Sjx; S /\J 4ﬁ5j 2 3

( 9 1) AN 3 AN
S|\t - (‘) + — <—>

8j  j/\J 4ymj\m

forall £ < j < |_m/e3J. It follows from (3.30) and (3.32) that

. 1<17 Im/e1=1 p2/9  5,-1/3 lm/e]=1 £1/9>
31 < —
N

8 o’ jl]/9 4ﬁ v’ j10/9

(3.33) 1 (17 (1 Jrfm/e3 29 dx) N 3¢ 1/3 (1 +fm/gs e dx))
T N\8 \/ ¢ x11/9 4w \¢ v +10/9

- 1(17(1+9)+3Oe_1/3)< 15
—“N\8 2 47 )= N’

Now, we bound R3, and R33. If x; > x3, then

3 W*—Ww
R32+R33§ZE‘/0 gZ(W-i-t)l(W:xi)dt‘
i=1

(3:34) < l(2()61 —X2) (X1 + @> + (x2 — x3)(x2 + @»
N 4 4
_ L(Zm +V27/4) | x +JE/4> .6
N S + S5 - N’
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where we have applied (3.4) and Facts 3.4 in the second inequality, and the first half of (3.16)
and a simple bound x>/S> < 1/2 in the last inequality. If x; < x4, then, similar to (3.34), we
have

W*—W
R3» ZE'/ g(W+Dl(xg =W < xg—l)dt'
0

1 (xgl + 27 /4 L Feat JE/4)

IA

N Se—1 Se—2
(3.35)
3 i(x_3 N V2r /4 = «/27r/4>
N\ $3 S3 S S
B 1(1 V2r/a o1 «/27r/4>< 2
“ N\3 S3 2 So - N’
and
W*—Ww
R =% " gW 01 > at
(3.36) <3 X1 — X2 +1§ Xj_1—Xj
' TN\ +x)? At
243
< P
~— 16N

where, in (3.36), we have applied Facts 3.4 and (3.7) in the first inequality, and used the same
calculations as in (3.21) in the second inequality. Combining (3.33)—(3.36), we have

515
3.37 Ry< 22
(3.37) 3=T6N
It follows from (3.21), (3.22), and (3.37) that

L 1753
(3.38) EWS(W) —EW* (W) < Ri + Ry + Ry < o0

Combining (3.8), (3.9), and (3.38), we have

1 1753 1785
3.39 P(W* < 2) — ®(2)] < — + oo = 2122
(3-39) [BW" <2) = @@= 5+ 370 = 57x

The upper bound of (2.2) follows from (3.2) and (3.39). [
PROOF OF THE LOWER BOUND IN (2.2). The proof of the lower bound in (2.2) follows
from the fact that the Kolmogorov distance between y and the probability distribution of a

discrete random variable is always greater than half of the minimum of the jumps. In our
case, the jumps are all equal to 1/N. Therefore,

1
dx Py, y) > —.
K(N)/)_2N O
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4. Bounds on the Wasserstein distance. PROOF OF (2.3). By Theorem 1.1 of Gold-
stein [8], we have

dw(Py,y) <2E|W — W*|

< > G — Xng1)
N—1 1

_ 4n _ 420 +Tog(m)
CN—-1" N-—1

- 84/log N - 164/log N

- N—-1 — N ’
where we have applied (3.15) in the third inequality, and definition of m in the fourth inequal-
ity. The proof of the upper bound of (2.3) is complete.

For the lower bound of (2.3), we can assume N > 100 since it is trivial when N < 100 and

C > 3. We note that dw(Py, y) > |ER(W) —Eh(Z)| for any 1-Lipschitz function . We will
use the “sawtooth” piecewise linear function considered in McKeague and Levin [12], which
is defined as follows:

4.1

0 if w>x;orw < xy,
h(w)={w—xp41 ifxpr1 <w<my, 1 <n<N,
Xp — W ifm, <w<ux,,1<n<N,

where m, = (x, + x,+1)/2, 1 <n < N. Clearly & is 1-Lipschitz and EA(W) = 0. Simple
calculation gives

4.2) Eh(W*) = X1 Nog(N/2) _ log(N/2)
. 2IN—1)~ 2(N—-1) — N

where we have applied (3.19) in the first inequality.
For this “sawtooth” function 4, let f;, be the unique bounded solution of the Stein equation

f'(w) —wf (w) = h(w) —Er(Z),
and let
gn(w) = (wfu(w))".
By Lemma 2.4 in [4], we have || f5|| <2 and ||f}: | < +/2/m. Therefore,
(4.3) [gn(w)| < [fr(w)| + [wf’ (w)] <2(1 + |w]).
It thus follows from (4.2) that
|[ER(W) —Eh(Z)| = |Ef (W) — EW fi,(W)|

_ ‘Ef,;(W) - <1 - %)Eﬁi(W*)

1 / *
_ ‘IEth(W) —EW (W) — ER(W") + (W)

(4.4)

1
> [BH(W")] = [EWS, (W) —EW* 5o (W°)] = | LE5 (W)

JIog(N/2) el
z%—mth(W)—EW*fh(W*ﬂ— N/”.
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The lower bound of (2.3) will follow if we can show that
C
[EWfr (W) —EW* fr(W¥)| < N
Letting T = W* — W, we have
(4.5) E|Wfh(W) = W* fi(W*)| =E(|Tgn(W +8)|),

where £ is a random variable lying between 0 and 7. We will obtain an upper bound on
E(|T gn (W + £)]) using the same truncation for W as in the proof for the Kolmogorov bound.
So we let

(4.6) Ry =E(|Tgn(W 4+ &)|L(IW] < x|,3)))-
and
4.7 Ry =E(|Tgn(W +E)A(IW]| > x|, /63)))-

For R, we have
Ry <2E(|T|(14 W +ENI(IW| < x| /03))

m

C
<= > (xi-1—x)+xi-1)
N
i=|m/e3]
4.8 c 1 Xi_
Y =N 2 (s- 5 1)
i=lm/e3) i—1 i—1

c < 1 1
<= + ,
- N 23 (Si—l i—1>
i=lm/e’]
where we have applied (4.3) in the first inequality, Facts 3.4 in the second inequality, and
simple bounds x;/S; < 1/j (1 < j < m) in the third inequality. If |m/e3| <i <m, then by
using the second half of (3.17), we have S;_1 > § lm/e3|—1 =M / C. Therefore, (4.8) implies
cC < 1 1 C
4.9 R < — — < .
@9 1=y 2 (m+i—1>_N
i=|m/e3]

To bound R,, we need the following lemma.

LEMMA 4.1. If either Ximjed] S Xnpl <W S Xp OF =X SW < =X < =X /635 then

1 1
4.10 <C .
( ) |gh(w)| - <10g(m/n) + n2/9)
We postpone the proof of Lemma 4.1 to the Appendix. Now, we bound R, as follows:
lm/e? =1 1 1
Ry < — -1
25 nX:; (Xn—1 x")(log(m/n) + n2/9)

B C lm/e J—l( 1 .\ 1 )
4.11) N = \logm/m)S,—1 ~ n*°S,—;

1 1
+ )
1 <nlog3/2(m/n) n'1/910g'2(m /n)
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where we have applied Facts 3.4 and Lemma 4.1 in the first inequality, and the second half
of (3.17) in the second inequality. It follows from (4.9) and (4.11) that

C
4.12) E|W fu(W) = W* fi(W")| < -
Combining (4.4) and (4.12), we have
J1og(N/2) C
dw(Py.y) = iT/ -~

thereby proving the lower bound of (2.3). [

APPENDIX

In this Appendix, we will prove those lemmas in the previous sections, whose proofs have
been deferred to the Appendix.

PROOF OF LEMMA 3.1. We first prove that

2
2 w42
Al V2rwe (1 — d(w)) <
(A.]) Twe ( (w))_w2+3
for w > 0. This inequality is equivalent to
00 2
(A2) f g < W E2 wrp
w - w3 + 3w
Let
2
w42 2
h = "W/
(w) w3 + 3w€
Then

h(w):/ (—h'(x)) dx.

w

For x > 0, we have

42 2
ex/2>ex/2

o 6
—h (x)—<l+m) =

thereby proving (A.2). The proof of (A.1) is complete.
From (3.3) and (A.1), we have for w > z,

gl(w) = (V27 (w2 + 3)we” 2(1 — d(w)) — 2 — w?)d(2) <0,
which proves g,(w) is decreasing for w > z. Similarly, g,(w) is increasing for w < z since
in this case,
glw) = 2+ w? — V27 (w? 4 3)(—w)e” 2 (1 — d(—w)))(1 — (2)) > 0.

The proof of (3.5) is complete.
Now we prove that for w > 0,

(A.3) 0 < V27 (1 +wd)e” (1 — d(w)) —w < R
The first inequality in (A.3) is proved by Chen and Shao [5]. The second inequality in (A.3)
is equivalent to

o0 _ 2/2 w 3 _w2/2
(A.4) / et/ dx < ( + )e .
w T+w?  (1+wd)(+w)?
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Let

w 3 2
k _ —w /2, 0.
) (1 o T e +w)3>e v

Then
k(w):/ (—k'(x))dx.

w

For x > 0, we have

.x4 _ 5.x3 + 6.x2 —I-)C + 7>e_x2/2 Z e_x2/2
(14+x2)2(1 +x)*
thereby proving (A.4). Combining (3.3) and (A.3), and noting that 1 — ®(z) < 1/2, we have

—K (x) = (1 +

3
Ofgz(w)f(li forw > z,

+w)3
and
OSgZ(w)S; for w < 0.
2(1 —w)3
This ends the proof of (3.6) and (3.7). [
PROOF OF LEMMA 3.2. From (P3) and (P4) of Lemma 2.1, it is easy to see that x,, =0

if N is odd, and 2x,,, = x;, — x;u41 > 0 if N is even. So we only need to prove the second
inequality in (3.14) for the case where N is even. By (1.1), we have

m—1 m—1 1
xj:Z(xi—xi+l)+meZ§, I<j<m-—1.
i=j i=j Ol
Therefore, S; > 1 and
1 j—1  m
S > — — .. i _
1_51+Sz+ +S;—l+]§i
(A5) ‘ =y
L2 iU
S; S S; 28,
for 2 < j <m — 1. This implies that
c /. 1 1/2
(A.6) sz(’(]%» Cl<j<m—1.
Since x,, > 0,
m(m—1) 1/2
Sm>Sm—1_( ) >

Therefore,

This proves (3.14).
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Since {xi,...,xy} is decreasing, jx; < §; < jx;. For 1 <n <m — 1, by using the tele-

scoping sum and (3.14), we have

m—1

Z Xar) g <230 X = xje) +
j=n j=n
m—1
(A7) =2Z?+ <ZZ—
j=n 2
<2(1/n+ 1og(m/n>)

<2(1 +log(m/n)).
This proves (3.15). For2 <n <m — 1,
Sp=x1+-+xpn

(A.8) S\/E(\/l —Hog(m)—l—\/l +10g(m/2)+...+\/1+10gm)
fﬁ(,/1+1og(m)+/ln,/1+1og(m/x)dx>,

Set

I, =/1n,/1+10g(m/x)dx.

By using integration by parts, we have

dx

«/l—i—log(m/x
n—1
2/T+Tog(m/n)’

In ="\/1 +log(m/n) — \/1 +log(m) + 2/
(A.9)

<ny/1+log(m/n) — /14 log(m) +

Combining (A.8) and (A.9),

n—1
S, < f2<n,/1 +log(m/n) + - +10g(m/n))

3
< 7”\/2(1 +log(m/n)),

which proves the second half of (3.16). The first half of (3.16) coincides with (A.6).

(A.10)

Using (A.10), we calculate lower bounds of x,, and S, for 1 <n < [m/e] as follows:

|
_

m—1 m

1
xn=2(xj_xj+1)+xm2 S_
j=n Jj=n
V2= 1
SEE) . B
(A.11) 3 5, VT +logm/j)
- Q/m dx
3 Ju x/1+log(m/x)

1
> 5\/2(1 +log(m/n)).
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For the lower bound of S, by (A.11), we have

Sn > nxn > g\/2(l +log(m/n)).

The proof of (3.17) is complete.
By the second half of (3.16) and the first half of (3.17), we have

2 2
xi = x7 =0 +x) % = Xig1 +--Fxjo1 — X))

1 1
=(x,-+xj)(§+~~~+—>

i Si—1
_ 2(/T+Togm/D) + T+ Togm/))) Ji 1
= 9 ~ kT +log(m/k)
_ 2/THTog(m/i) + /T +Tog(m/j)) j dx
- 9 i x4/1+1log(m/x)
_ 4log(j/i)
=

This proves (3.18). U

PROOF OF LEMMA 4.1.  We only prove (4.10) for the case where Ximjed] < Xnpl <W =
xpn. The proof for the other case is similar and therefore omitted. We have (see [4], page 40)

gn(w) = (w — V27 (1 + w?)e” (1 — d(w))) /w B ()@ (1) dt

(A.12) _ N ) < _
(w+ V27 (1 +w)e” /" P(w)) () (1—®())dt
w
=1+ .
Applying the identity
w e,wz/z
d()dt =wd(w) +
'/—oo ( ( ) LY, 21
and noting that ||4’|| = 1, we have
w o e—w2/2
(A.13) ‘/ h (t)dD(t)dt‘ <wd(w)+ <l4+w.
—00 A/ 21

Therefore, applying the first half of (3.17) and (A.3), and noting that Ximjed] S Xnpl <W =
X,, We obtain

C

3
(A.14) 1 = (14 w)? = log(m/n)’
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Forall 1 <i < N —1,wehave h'(t) = 1 on (x;41,m;) and /' (t) = —1 on (m;, x;). Therefore,
forall 1 <i <|m/e’| — 1, we have

" W (@)D()dt

" h (1 — @(t))dt’ =

Xi+1 Xi+1
m; Xi
= O(t)dr — cp(t)dt’
Xi+1 mi
Xi m;
= O(t)dr — (1) drt
m; Xi+1
(A.15) X — Xieg
<= (@) — D))
(a7 — xip1)%e5in/?
- 22w
e_xi2+l/2
22

where we have applied the monotonicity of function ®(-) in the first inequality, the mean

value theorem in the second inequality, and (1.1) in the last equality. It follows from (A.15)
that

/woo B (1)(1 — CD(t))dt‘ =

/XI R () (1 — (1)) dr

Xn n—1
5/ (1-®@®)dt+ >
w i=1

/Xi (@) (1 — (1)) de

i+1
(A.16) n—1 e—x,H/z
<(x, —w)(l—d(w +
R T e"“‘“/2
= + —_—.
w21 = 2V2n S}
Therefore
bl = (w+ V2T (1 + w)e dD(t))dt‘
_ 2 n=1 —x2,/2
< Cwle?’)? (Xn — Xpy1)e” " > e il i
w27 o 2V27S;
n—1_2
<C ;—n Zx—ize(xn z+l>/2>
no ol Si
(A.17)

11 i+
= C(; + n2/9 Z i2
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where we have applied (A.16) and the fact that w > x|, .3 = V/8/3 in the first inequality,

(1.1) and the fact that w? < x,% in the second inequality, (3.18) in the third inequality, and the
fact that S,, > nx, in the fourth inequality. The proof of (4.10) follows from (A.12), (A.14),
and (A.17). O
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